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Abstract. An inequality involving the Euler gamma function is
presented. This result generalizes several recently published results by
Alsina and Tomás, Sándor, Bougoffa, and the author.
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1. Introduction












, x > 0.




≤ Γ(1 + x)
n
Γ(1 + nx)
≤ 1, x ∈ [0, 1], n ∈ N. (1)
Using the series representation of ψ(x) J. Sándor [3] extended that result to
obtain the following double inequality:
1
Γ(1 + a)
≤ Γ(1 + x)
a
Γ(1 + ax)
≤ 1, x ∈ [0, 1], a ≥ 1. (2)





, x ≥ 0 (3)
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e-mail: armend shabani@hotmail.com
272 A. Sh. Shabani
is decreasing on [0,∞) so for x ∈ [0, 1] the following double inequality is true:
Γ(1 + b)a
Γ(1 + a)b




Note: He also proved that under the conditions 1 + ax > 0, 1 + bx > 0 the
function given in (3) is also decreasing on [0,∞] if 0 > a ≥ b and increasing on
[0,∞] if a > 0 and b < 0.
In [4] the following result is presented.





where x ∈ [0, 1], a ≥ b > 0, c and d are real numbers such that bc ≥ ad > 0 and
































, x ≥ 0
and to establish some generalizations of the above results.
2. Main results
In order to establish the proofs of the theorems, we need the following lemmas:
Lemma 1. Let 0 < x ≤ y. Then
ψ(x) ≤ ψ(y). (7)
Proof. In [5], page 21, we have the following:




(x+ n)(y + n)
.
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Hence, if x ≤ y then clearly ψ(x)− ψ(y) ≤ 0. ✷
Lemma 2. Let a, b, c, d, e be real numbers such that a+ bx > 0, d+ ex > 0 and
a+ bx ≤ d+ ex. Then
ψ(a+ bx)− ψ(d+ ex) ≤ 0. (8)
Proof. Based on Lemma 1. ✷
Lemma 3. Let a, b, c, d, e, f be real numbers such that a + bx > 0, d + ex >
0, a+ bx ≤ d+ ex and ef ≥ bc > 0. If
(i) ψ(a+ bx) > 0 or
(ii) ψ(d+ ex) > 0
then
bcψ(a+ bx)− efψ(d+ ex) ≤ 0. (9)
Proof. (i) Let ψ(a+bx) > 0. From Lemma 2 we have ψ(d+ex) ≥ ψ(a+bx) > 0.
Multiplying both sides of inequality ef ≥ bc with ψ(d+ ex) we obtain.
efψ(d+ ex) ≥ bcψ(d+ ex) ≥ bcψ(a+ bx),
or
bcψ(a+ bx)− efψ(d+ ex) ≤ 0.
(ii) If ψ(d + ex) > 0, considering (8) we see that there are two possibilities for
ψ(a+ bx).
Case 1. ψ(a+ bx) ≤ 0, Case 2. ψ(a+ bx) > 0.
So we have:
Case 1. bcψ(a+ bx) ≤ 0 and efψ(d+ ex) > 0 so clearly (9) holds.
Case 2. The possibility ψ(a+ bx) > 0 was proved in (i). ✷
Lemma 4. Let a, b, c, d, e, f be real numbers such that a + bx > 0, d + ex >
0, a+ bx ≤ d+ ex and bc ≥ ef > 0. If
(i) ψ(d+ ex) < 0 or
(ii) ψ(a+ bx) < 0
then
bcψ(a+ bx)− efψ(d+ ex) ≤ 0. (10)
Proof. (i) Let ψ(d+ex) < 0. From Lemma 2 we have ψ(a+bx) ≤ ψ(d+ex) < 0.
Multiplying both sides of inequality bc ≥ ef with ψ(a+ bx) we obtain.
bcψ(a+ bx) ≤ efψ(a+ bx) ≤ efψ(d+ ex),
or
bcψ(a+ bx)− efψ(d+ ex) ≤ 0.
ii) If ψ(a + bx) < 0, considering (8) we see that there are two possibilities for
ψ(d+ ex).
Case 1. ψ(d+ ex) ≥ 0, Case 2. ψ(d+ ex) < 0.
Now we proceed in the same way as in Lemma 3 ✷
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, x ≥ 0 (11)
where a, b, c, d, e, f are real numbers such that: a + bx > 0, d + ex > 0, a + bx ≤
d + ex, ef ≥ bc > 0. If ψ(a + bx) > 0 or ψ(d + ex) > 0 then the function f1 is










Proof. Let g1 be a function defined by g1(x) = log f1(x) for x ∈ [0,∞). Then:













= bcψ(a+ bx)− efψ(d+ ex).
Using (9), we have g
′
1(x) ≤ 0. It means that g1 is decreasing on [0, 1]. This implies
that f1 is decreasing on [0, 1].










This concludes the proof of Theorem 2. ✷
In a similar way, using Lemma 4, it is easy to prove the following theorem.




, x ≥ 0, (13)
where a, b, c, d, e, f are real numbers such that: a + bx > 0, d + ex > 0, a + bx ≤
d + ex, bc ≥ ef > 0. If ψ(d + ex) < 0 or ψ(a + bx) < 0 then the function f1 is
decreasing for x ≥ 0 and for x ∈ [0, 1] the inequality (12) holds.
It is easy to verify by Theorem 2 and Theorem 3 that the following remarks
hold.
Remark 1. Considering (12) with a = 1, b = 1, c = n, n ∈ N, d = 1, e = n, n ∈
N, f = 1 we obtain inequality (1).
Remark 2. Considering (12) with a = 1, b = 1, c = a, a ≥ 1, d = 1, e = a, f = 1
we obtain inequality (2).
Remark 3. If in (12) we take a = 1, c = a, d = 1, e = a, f = b, with c ≥ f > 0
we obtain inequality (4).
Remark 4. If in (12) we take a = b, b = a, c = d, d = a, e = b, f = c
ef ≥ bc > 0, with a ≥ b > 0 and ψ(b + ax) > 0, we obtain inequality (6).
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